We investigate the entanglement in Hubbard models of hardcore bosons in 1D, with an additional hardcore interaction on nearest neighbouring sites. We derive analytical formulas for the bipartite entanglement entropy for any number of particles and system size, whose ratio determines the system filling. At the thermodynamic limit the entropy diverges logarithmically for all fillings, expect for half-filling, with the universal prefactor 1/2 due to partial permutational invariance. We show how maximal entanglement can be achieved by controlling the interaction range between the particles and the filling which determines the empty space in the system. Our results show how entangled quantum phases can be created and controlled, by imposing spatial constraints on states formed in many-body systems of strongly interacting particles.
I. INTRODUCTION
Entanglement is a key concept in understanding how quantum orders manifest in systems with many interacting particles [1] [2] [3] , such as the well known example of topological order [4] [5] [6] [7] [8] [9] [10] [11] [12] . Essentially the degree of entanglement can be used as a measure for the strength of the quantum correlations in a many-body system. In the last decades enormous advancement has been achieved in coming up with ways to quantify the quantum orders based on entanglement measures. Such well known examples are the entanglement entropy 1, [13] [14] [15] or the entanglement spectrum 8, [16] [17] [18] . These measures require partitioning the system in different parts, whose reduced density matrix allows the calculation of the entanglement entropy. The scaling of this entanglement entropy with the partition size, reveals important properties of the system, such as quantum criticality. 1, 13, 14, 19 Due to the large complexity of the many-body systems under investigation, which usually contain an enormous number of particles, exact/analytical solutions of these problems are rarely possible and difficult to obtain. In our paper we derive exact/analytical results for the entanglement in 1D Hubbard models of hardcore bosons 15, 20, 21 , with additional spatial constraints imposed by nearest-neighbor interactions. Manybody/Fock states manifest as the ground states of these Hubbard models, as the particles organize in different spatial configurations 22 . In this paper we provide analytical solutions for the density matrix and the entanglement entropy for superpositions of these states, for any number of particles and system size. We study the bipartite entanglement and show how it varies for different system fillings. These results are compared with numerical simulations performed for these models in our previous work 22 . At the thermodynamic limit we find that the entropy diverges logarithmically for all fillings except for half-filling, with a universal prefactor. We show how the maximal entanglement can achieved by varying the filling. In overall, our results provide a way to tune the entanglement in Hubbard models with strong interactions, based on the empty space in the system and the interaction range between the par-ticles.
II. MODEL
The states studied in this paper can be obtained by considering the ground state of an 1D Hubbard Hamiltonian with N hardcore bosons (hereafter also called particles) distributed over M sites, with nearest neighbor interactions 22 . The ground state of the Hubbard model has a large degeneracy, since every spatial configuration of the particles respecting the hard-core restriction on sites which are nearest neighbours (apart from on-site hardcore restriction), has the lowest energy (see Fig. 1 for an illustration). We use the name NN for these states. The NN states are separated from the first excited states by an energy gap, equal to the strength of the nearest neighbor interaction. A superposition of all possible NN states with equal amplitudes has the form |Ψ ≡ |M, N = 1
where d(N, M ) is the number of ways to distribute the N particles on M sites, assuming at least one hole between all the particles, due to the nearest neighbor interaction. An appearance of the binomial coefficients Eq. 2 in the sum Eq. 1 signalizes a presence of permutation group symmetry in the problem. Quantifying the impact of the hardcore constraint on nearest neighbor sites on the entanglement entropy of a block is one of our objectives.
III. BIPARTITE ENTANGLEMENT
In this section we derive analytical results for the reduced density matrix and the entanglement entropy for partitioned superpositions of the NN states described by Eq. 1. Due to partial permutational symmetry enjoyed by the global pure state of the system, the eigenvalues of the reduced density matrix can be obtained after splitting the system of size M in two parts containing m and M − m sites respectively, and tracing out the degrees of freedom of the m sites. The tracing out procedure can be characterized via a permutation group analysis.
As a result of the analysis, the number of non-zero eigenvalues of the reduced density matrix grows not exponentially, but linearly with the subsystem size m. Origin of all the nonzero eigenvalues have been identified, as belonging to sectors with different symmetry and particle number and it was understood how to obtain them analytically, via a recursion procedure. An example of this procedure is shown schematically in Fig. 2a for a small system. The full analytic answer has been obtained for arbitrary N, M . Also, the respective thermodynamic limit has been analyzed.
After tracing out the m sites, and using recurrently a well known formula
after some algebra we obtain that the reduced density matrix is split into blocks
Note that the property T rρ N −m = 1 is guaranteed by
Now, the states |0 k , |α k ′ are orthogonal for k = k ′ , but they are not orthogonal for k ′ = k. The overlap between |0 k , |1 k can readily be found from the combinatorial arguments to be
Each block with N −k particles thus contains two eigenvalues λ k , µ k , which can be found by diagonalizing the 2 × 2 block in (4) . It is then straightforward to obtain the relations
In terms of the above notations we have
The set λ k and µ k for all 0 ≤ k ≤ m/2 gives the exact spectrum of the reduced density matrix for arbitrary system parameters.
A. Thermodynamic limit First, consider the limit
In this limit, analogically to 13 , and denoting
we obtain
valid for npq ≫ 1. After some algebra, denoting
.
Note that the last formula is valid for comparable M ≫ 1, m ≫ 1, m/M = const, and κ(f ) is of order 1. Finally, in the zero non-vanishing order of 1/m, the term κ(f )/m ≪ 1 in Eq. 24 can be neglected, and we obtain the final formula for the eigenvalues of the reduced density matrix (RDM) of the form
It can be proved easily that
Finally, we can find the Von Neumann entropy (VNE) of the RDM, S = − tr ρ log ρ, ρ being the reduced density matrix
Performing the calculations, we obtain 
Thus we have the same logarithmic growth of the entanglement entropy of Von Neumann, 1 2 log m as in fully permutational states of the Heisenberg ferromagnet at isotropic point, see 13, 23 , which is apparently due to partial underlying permutational symmetry of the initial pure state. The prefactor 1/2 in 1 2 log m is thus simply the value of effective local spin as discussed in 23 . A comparison between the exact results of Eq. 14-15 and the thermodynamic limit Eq. 35-36 is shown on Fig. 2b .
Note that in the form (36) an arbitrary base of logarithm can be considered. In particular, comparing (36) with the VNE computed for ground state of the isotropic Heisenberg ferromagnet, denoted below as S Heis , see 13 we obtain
As further analysis shows, S Heis > S for all nonzero fillings f . This has the following interpretation: the ground state of the isotropic Heisenberg ferromagnet is fully permutational invariant state with no constraints except the hardcore constraint: the minimal distance between two particles is equal to 1: two particles can be at neighbouring sites. The wave function Eq. 1 has an additional constraint of a minimal distance between particles being equal to 2. This additional constraint lowers the symmetry of the problem, and respectively the entanglement becomes smaller. The difference S Heis − S, shown in Fig. 2c , quantifies this excess of entanglement in a state with full permutational symmetry. The difference S Heis − S increases with the filling f , reaching a maximum at f = 1/2, since the effect of the additional constraint with increasing number of particles f M = N becomes more and more pronounced.
B. Entanglement for f > 1/2
The analysis we presented so far is valid for fillings f < 1/2, as we have considered a wavefunction of the form Eq. 1, which has at least one hole/empty site between all the particles (minimal distance 2 between the particles). This analysis can be easily generalized to the states for f > 1/2, which will contain clusters of particles and a fixed number of particle pairs. These f > 1/2 states can be transformed to states with N → M − N and M → M − 2, i.e. to those with f < 1/2. This can be seen by taking the states for f > 1/2 (note that all configurations for f > 1/2 have edge sites filled), exchanging particles with holes and tracing out the edge sites 1 and M , see Fig. 1b for an example. Therefore 
C. Entanglement control
Another point of interest is the dependence of the entanglement strength on the filling. In Fig. 2d we plot S versus the filling using Eq. 36(curve) and compare with the exact result using Eq. 14-15(points). The case M odd and N = (M + 1)/2 which gives S=0, is not present in Fig. 2d , where the system size M is even. The entropy is symmetric around f = 1/2 where S = log(2), due to the f → 1−f symmetry, as we have shown in the previous section. The entropy obtains a maximum value at f max ≃ 0.305 and f ≃ 0.695 leading to a maximally entangled quantum phase, irrespectively of the partitioning as long as both f m, f M are large.
(the asymptotic value f max ≈ 0.305884 is obtained in the limit m, M → ∞). The maximization of the entropy is a con-sequence of the spatial restrictions due to the nearest neighbor interaction, that impose the constraint of a minimal distance 2 between the particles. Changing this minimal distance by controlling the interaction range, for example by adding a second nearest instead of nearest neighbor interaction term in the Hamiltonian, will lead to different fillings where the maximum entanglement occurs. Consequently the entanglement strength in superpositions of states like the NN ones considered in the paper, can be tuned by the system's filling and the range of interaction between the particles.
IV. SUMMARY AND CONCLUSIONS
We have studied analytically the entanglement properties of NN states, which appear as the ground states of Hubbard chains of hardcore bosons, with strong nearest-neighbor interactions. We have derived exact expressions for the entanglement entropy and the reduced density matrix for partitioned superpositions of NN states. We have done that for any number of particles and system size, whose ratio determines the system filling.
We show that the bipartite entanglement entropy diverges logarithmically for all fillings, apart from half-filling, as in the critical phases of XY spin chains. We present a detailed analysis of the mechanism that creates the entanglement and make a comparison with the entanglement of spin chains. The entanglement entropy obtains a maximum value for specific fillings, revealing a maximally entangled quantum phase. The conditions under which this phase occurs are determined by the spatial restrictions imposed by the interaction range between the particles and the empty space in the system.
In conclusion, we show analytically how the entanglement can be tuned in Hubbard models with strong nearest neighbor interactions, by controlling the empty space in the system and the nature of the interactions between the particles, which impose spatial restrictions on their self-organization. We hope that our results motivate further investigations on the mechanisms that allow controllable entanglement in many-body systems, to reveal novel quantum phases of matter and help with their potential application in the rapidly evolving field of quantum information technology.
